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Our conventional understanding of optical responses in metals has been based on the Drude
theory. In recent years, however, it has become possible to prepare ultrapure metallic samples
where the electron-electron scattering becomes the most dominant process governing transport and
thus the Drude theory, where momentum-relaxing scatterings such as electron-impurity scattering
are assumed to be dominant, is no longer valid. This regime is called the hydrodynamic regime
and described by an emergent hydrodynamic theory. Here, we develop a basic framework of optical
responses in the hydrodynamic regime. Based on the hydrodynamic equation, we reveal the existence
of a “hydrodynamic mode” resulting from the viscosity effect and compute the reflectance and the
transmittance in three-dimensional electron fluids. Our theory also describes how to probe the
hydrodynamic effects and measure the viscosity through simple optical techniques.
PACS numbers: 74.20.-z, 74.70.-b
I. INTRODUCTION
Hydrodynamics is a general framework to describe the
low-energy dynamics in interacting many-particle sys-
tems, and it is based on the following two assump-
tions [1, 2]. The first is the local quasi-equilibrium of
fluids, which is achieved only when an external pertur-
bation varies slowly in space and time, relative to the
electron-electron scattering length lee and time τee. In
other words, this means that the characteristic length
and time scale of the dynamics, L and T , are much larger
than those of scattering; lee  L, τee  T . The second is
the conservation of mass, momentum and energy of par-
ticles. In electron fluids in metals, however, this assump-
tion does not hold due to electron-impurity, electron-
phonon and umklapp scattering processes. Therefore,
to apply hydrodynamics to the electrons in solids, we
need to satisfy the condition lee  lmr, τee  τmr,
where lmr and τmr are the mean free path and time of
momentum-relaxing scattering. In reality, this condition
is almost always unsatisfied and thus the transport in
macroscopic scale is governed by momentum-relaxation
processes. This regime is called the Drude regime where
the electron dynamics is described by the Drude the-
ory [3].
In recent years, however, it has become possible to
prepare ultrapure samples which satisfy the above con-
dition over a certain temperature range [4–9]. In these
systems, the dynamics is described by hydrodynamics
and the viscosity of the fluid plays an important role
in transport and optical phenomena [10–18]. In fact,
many pieces of evidence for hydrodynamic electron flow
has already been reported, through several DC transport
phenomena, in ultrapure materials such as GaAs quan-
tum wells [4, 5], two-dimesional (2D) monovalent lay-
∗ toshio.riki.63c@st.kyoto-u.ac.jp
ered metal PdCoO2 [6], Weyl semimetal WP2 [7], and
graphene [8, 9].
In more recent years, the high-frequency flow and op-
tical responses of viscous electron fluids began to be
discussed theoretically [19–26]. In the hydrodynamic
regime, the optical responses of electrons are affected by
the nonlocality (viscosity) and the nonlinearity of elec-
tron fluids, giving rise to crucial differences from those in
the Drude regime. For example, in Refs. [19, 20], the ac
flow of the 2D fluid in a magnetic field was studied and a
novel resonant phenomenon, viscous resonance, was pro-
posed, which manifests itself at a frequency ω equal to the
doubled electron cyclotron frequency 2ωc. In regard to
nonlinear optical responses, in Ref. [23], second-harmonic
generation has been discussed in a Dirac fluid, which is a
class of electron fluids realized in systems with a Dirac-
like dispersion, such as graphene [10]. These previous
studies have focused on 2D electron fluids, but hydrody-
namic optical responses in 3D bulk materials have not
been well examined yet, although most of real materials,
including hydrodynamic materials such as PdCoO2 and
WP2, are 3D ones. In these systems, we need to solve the
hydrodynamic equation consistently with the Maxwell
equations in 3D space to reveal the fundamental optical
properties, such as reflectance and transmittance, while
their electron properties have strong two dimensionality.
Furthermore, we are interested in optical phenomena
of electron fluids not only for theoretical reasons, but
also for practical reasons. This is because these optical
phenomena may provide a more efficient probe of hydro-
dynamic effects, compared to DC transport phenomena.
To detect hydrodynamic effects through DC transport,
we need to prepare microfabricated samples to cause a
spatial variation of the velocity by the size effect, requir-
ing advanced microfabrication techniques and consider-
able labor. On the other hand, in optical responses, such
a variation is caused by an electromagnetic wave in its
wavelength scale and we have no need to process samples
at the mesoscale level. For these reasons, it is expected
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2that we can more easily detect hydrodynamic effects or
measure the viscosity of electron fluids through simple
optical techniques.
In this paper, we study the optical responses of vis-
cous electronic fluids inhabiting in 3D space which is de-
scribed by the hydrodynamic equation. We note that
the following analysis is restricted to the 2D dynamics
of electron fluids and so it is applicable to layered met-
als, such as PdCoO2. Solving the hydrodynamic equa-
tion and the Maxwell equation consistently, we obtain
the optical conductivity of electron fluids and the disper-
sion relations of electromagnetic waves, suggesting that
there exist two propagating transverse modes in 3D elec-
tron fluids. Furthermore, we clarify the contribution of
these modes to the reflectance and the transmittance of
3D electron fluids, which provide an optical probe of hy-
drodynamic effects. Finally, we address the possibility of
second-order optical responses, such as the second har-
monic generation. These effects result from the nonlin-
earlity of electron fluids and the multi-branch structure
of electron fluids.
This paper is organized as follows. In Sec. II, we start
with the calculation of the optical conductivity and the
reflectance spectrum of 3D electron fluids. Here we show
that, in the hydrodynamic regime, there are two prop-
agation modes of transverse electromagnetic waves due
to the nonlocality of electron fluids. These dispersion
relations, as shown in Sec. III, give rise to a change in
the reflectance spectrum of ultrapure metals, compared
with the estimation by the Drude theory. In Sec. IV, we
calculate the transmittance spectrum of electromagnetic
waves through a thin ultrapure metal. In the hydrody-
namic regime, electromagnetic waves can penetrate more
deeply than they do in the Drude regime and thus we can
obtain much larger transmittance. Furthermore, we also
find that the spectrum shows a characteristic peak in the
THz frequency regime. Finally, in Sec. V, we briefly sum-
marize our results and discuss the possibility of the non-
local second-order optical responses in 3D electron flu-
ids, which result from the nonlinearity and multi-branch
structure of electron fluids even in centrosymmetric crys-
tals.
II. OPTICAL CONDUCTIVITY AND
DISPERSION RELATIONS
In this section, we consider the optical conductivity
and reflectance of 3D electron fluids within linear re-
sponse. The in-plane dynamics of 3D electron fluids is
described by the following hydrodynamic equation [1, 16]
∂v
∂t
+ (v ·∇)v = −1
ρ
∇p+ ν∆v + γ∇(∇ · v)
+
eE
m
+ [(νh∆v + ωcv)×B]− v
τ
,
(1)
where E(r, t) and B(r, t) are electromagnetic ac fields,
E(r, t) = Re
[
E˜(k, ω)eik·r−iωt
]
, (2)
B(r, t) = Re
[
B˜(k, ω)eik·r−iωt
]
, (3)
and v, ρ, p, ν and νh denote, respectively, the velocity
field, the mass density, the pressure, the kinematic vis-
cosity, and the Hall viscosity of 3D electron fluids. m, e
and ωc are the electron mass, charge and the cyclotron
frequency and τ is the relaxation time for momentum re-
laxing scattering. Furthermore, using the spacial dimen-
sion d and the bulk viscosity ζ, we define the parameter
γ as follows:
γ ≡
(
ζ
ρ
+
d− 2
d
ν
)
.
If we regard the metal as an isotropic 3D electron fluid,
we set d = 3, on the other hand, if we discuss a layered
metal such as PdCoO2, we set d = 2. For a Fermi liq-
uid, the bulk viscosity ζ is known to be relatively small:
ζ ∼ (T/F )2η [27], where T is temperature and F is the
Fermi energy. In this regard, we will neglect the bulk
viscosity in the following analysis. Moreover, we approx-
imate the pressure gradient term in Eq. (1) within linear
response as follows:
1
ρ
∇p = K
ρ
∇n
n
' K
mn20
∇n,
where K denotes the bulk modulus and is defined by
K ≡ −V
(
∂p
∂V
)
N,T
= n
(
∂p
∂n
)
T
.
Here we have assumed that we can neglect the effect of
the temperature modulation resulting from the dissipa-
tion in electron dynamics. Under these approximations,
we can obtain a steady-state solution of the form
v(r, t) = Re
[
v˜(k, ω)eik·r−iωt
]
. (4)
Substituting Eqs. (2) and (4) into Eq. (1), we find the
following relation within linear response to E:[
−iω + νk˜2 + 1/τ +
(
iK
mn0ω
+ γ
)
(kk)
]
v˜(k, ω)
= − e
m
E˜(k, ω), (5)
where kk denotes the dyadic product of k. As a conse-
quence, we arrive at the optical conductivity of electron
fluids as follows:
j˜i(k, ω) = env˜(k, ω) = σij(k, ω)E˜j(k, ω), (6)
σij(k, ω) = σ⊥(k, ω)
(
δij − kikj
k2
)
+ σ‖(k, ω)
kikj
k2
,
3σ⊥(k, ω) =
σ0
1− iωτ + ντk2 , (7)
σ‖(k, ω) =
σ0
1− iωτ +
(
iK
mn0ω
+ ν + γ
)
τk2
, (8)
where σ0 = ne
2τ/m is the Drude conductivity. We note
that the k-dependence of the optical conductivity reflects
the nonlocal propeties of electron fluids, that is, viscosity
effects. This result is in contrast to the optical conduc-
tivity in the Drude theory σ(ω) = σ0/(1 − iωτ), which
does not have k-dependence [3].
Next, we determine the dispersion relations of electro-
magnetic waves in electron fluids. This is achieved by
substituting Eq. (6) into Maxwell equation
−∆E˜ +∇
(
∇ · E˜
)
=
iω
c
(
4pi
c
j˜ +
1
c
∂E˜
∂t
)
. (9)
As a result, we obtain the following equations to deter-
mine the dispersion relations:
1 +
4piiσ‖(k, ω)
ω
= 0, (10)
k2 =
ω2
c2
[
1 +
4piiσ⊥(k, ω)
ω
]
. (11)
The former (10) gives us the dispersion relation of the
longitudinal mode, i.e. the plasma mode. Substitut-
ing (8) and solving the equation for ω, in the clean
limit(τ → ∞), we arrive at a familiar form of the dis-
persion relation for the plasma mode [28] as follows:
ω = − i(ν + γ)k
2
2
± ωp
√
1 +
K
mn0ω2p
k2 −
(
ν + γ
ωp
)2
k4
= ±ωp
(
1 +
K
2mn0ω2p
k2
)
− i(ν + γ)k
2
2
+O(k4),
where ωp =
√
4pine2/m is the plasma frequency. This
means that, in this limit, the lifetime of plasma is deter-
mined by the viscosity coefficients.
On the other hand, Eq.(11) gives us the dispersion re-
lations of the transverse modes. As can be seen readily
by substituting Eq.(7), Eq.(11) leads to a quadratic equa-
tion of k2 and the solutions read,
k21,2(ω) =
k20
2
[
1− α±
√
(α− 1)2 + 4
(
α+
β
ξ
)]
, (12)
where, in order to simplify the equation, we have intro-
duced dimensionless parameters
k0 ≡ ω
c
, ξ ≡ k20ντ, α ≡
1− iωτ
ξ
, β ≡ 4piiσ0
ω
=
iω2pτ
ω
.
In Fig. 1, we show these dispersion relations calcu-
lated for the choice of the parameters m,n, τ, ν: m =
1.5me [g], n = 2.5 × 1022 [cm−3], τ = 1.0 ×
10−11 [s−1], ν = 3 × 102 [cm2s−1], which are typi-
cal values of the electron fluid in PdCoO2 in experi-
ments [6, 29]. We note that the following results are
qualitatively the same as for the parameters chosen for
another hydrodynamic material WP2 [7]: m,n, τ, ν: m =
1.2me [g], n = 2.9×1021 [cm−3], τ = 5×10−11 [s−1], ν =
3.8× 102 [cm2s−1].
In particular, we can approximate the dispersion rela-
tions in the low-frequency limit ω  1/τ, ωp as,
k21(ω) ' k20 +
4piiσ0ω
c2
, k22(ω) ' −
1
ντ
− 4piiσ0ω
c2
.
Here we find that the right-hand side of the first equation
corresponds to the low-frequency limit of the dispersion
relation deduced from the Drude theory (See also Fig. 1
(a) and (b)). This means that we can regard the mode
k1(ω) as the “Drude-like mode”, and the mode k2(ω) as
the “hydrodynamic mode”. In Fig. 1 (c) and (d), we also
show the ν-dependence of the imaginary part of the dis-
persion relations. As seen from the figure, Im[k1,2(ω)] be-
comes smaller as the viscosity becomes larger, implying
that electromagnetic waves can penetrate more deeply
as viscosity becomes larger. As seen in the following
sections, the existence of two propagating modes and
these dispersion relations play an important role in op-
tical properties of electron fluids, such as the reflection
and the transmission of electromagnetic waves.
III. REFLECTANCE
In this section, we consider the reflectance of 3D elec-
tron fluids. We suppose that the region x > 0 is occupied
with electron fluids (see Fig. 2). Here we deal with the
case where the incident wave is linearly polarized ver-
tically to the surface. For more general cases, see the
Appendix.
Under the above assumption, in the vacuum (x < 0),
the AC fields are given by the sum of an incident wave
Ei and an reflected wave Er as follows:
E = Ei +Er, B = Bi +Br (x < 0) (13)
Ei = Re
[
Eieˆye
ikix−iωt] , Bi = Re [k′iEieˆzeikix−iωt] ,
Er = Re
[
E˜reˆye
ikrx−iωt
]
, Br = Re
[
k′rE˜reˆze
ikrx−iωt
]
,
where ki = −kr and we introduce a dimensionless pa-
rameter k′ ≡ ck/ω. E˜r is a complex parameter to be de-
termined by imposing appropriate boundary conditions.
On the other hand, in electron fluids (x > 0), the trans-
mitted wave Et is composed of two propagating modes
4(a) (b)
(c) (d)
FIG. 1. (a)(b) Dispersion relations k1(ω) (blue) and k2(ω) (yellow) estimated for a hydrodynamic material PdCoO2: For
comparison, we also show the dispersion relation kD(ω) deduced from the Drude theory (green). Here, we define ki as the
square root of k2i which is chosen to make the imaginary part positive. We can see that k1(ω) approaches kD(ω) asymptotically
in the low-frequency limit. (c)(d) The viscosity-dependence of Im[k1,2(ω)]. Im[k1,2(ω)] decreases monotonically as the viscosity
increases.
FIG. 2. Geometry of the reflection of vertically incident wave
on the surface of 3D electron fluids. In electron fluids, there
exist two propagating waves Et1 and Et2 corresponding to
the dispersion relations k1(ω) and k2(ω).
Et1 and Et2 corresponding to the dispersion relations
k1(ω) and k2(ω) as follows:
Et = Et1 +Et2 , B = Bt1 +Bt2 (x > 0)
Et1 = Re
[
E˜t1 eˆye
ik˜1x−iωt
]
, Bt1 = Re
[
k˜′1E˜t1 eˆze
ik˜1x−iωt
]
,
Et2 = Re
[
E˜t2 eˆye
ik˜2x−iωt
]
, Bt2 = Re
[
k˜′2E˜t2 eˆze
ik˜2x−iωt
]
,
where we have added tildes to k1 and k2 to manifest that
these variables are complex numbers. E˜t1 and E˜t2 are
also complex parameters to be determined by imposing
appropriate boundary conditions.
In the hydrodynamic regime, as just described, we have
three undetermined parameters in total, while the con-
ventional theory contains only two boundary conditions,
that is, continuity conditions of electric and magnetic
fields,
Ey(x = +0) = Ey(x = −0) ⇔ Ei + E˜r = E˜t1 + E˜t2 ,
(14)
Bz(x = +0) = Bz(x = −0) ⇔ Bi + B˜r = B˜t1 + B˜t2 .
(15)
In general, when spatial dispersion exists and the num-
ber of propagating modes increases to more than one,
the conventional boundary conditions are insufficient to
describe the connections of electromagnetic fields at the
surface. This is called the additional boundary condition
(ABC) problem [30, 31]. In our cases, the appropriate
ABC is the no-slip BC at the surface, that is, we impose
the following condition on electron fluids:
vy(x = +0) = 0. (16)
Summarizing, we have to determine the parameters
E˜r, E˜t1 and E˜t2 by solving the simultaneous equations
derived from boundary conditions (14), (15) and (16).
This procedure can be done readily, and as a result, we
obtain the following expression of the reflectance:
R =
∣∣∣∣ErEi
∣∣∣∣2 =
∣∣∣∣∣ (a− b)ki − (k˜t1a− k˜t2b)(a− b)ki + (k˜t1a− k˜t2b)
∣∣∣∣∣
2
, (17)
5FIG. 3. The reflectance spectra of 3D electron fluids with var-
ious values of the viscosity. In this plot, we set the parameter
other than viscosity ν to the typical values in PdCoO2 and, for
comparison, show the estimation by the Drude theory (black
line). As is well known, the spectra exhibit a sharp drop at
the plasma frequency ωp ' 7 × 1015. The inset shows the
deviation of reflectance from 1 in the low-frequency regime.
where we have introduced the parameters a and b, which
are defined so as to satisfy the following relation:
a
b
=
1− iωτ + ντ k˜2t1
1− iωτ + ντ k˜2t2
.
For comparison, in Fig. 3, we show the reflectance spec-
tra of 3D electron fluids with various values of the vis-
cosity, together with the estimation by the Drude theory.
As is well known, each spectrum exhibits a sharp drop
around the plasma frequency ωp ' 7 × 1015. It can be
seen that, as viscosity becomes larger, the reflectivity de-
viates from 1 more prominently, especially in the vicinity
of the plasma frequency ωp. To apply the hydrodynamic
theory to electrons, however, the system needs to sat-
isfy the condition τee  1/ω, as mentioned in Sec. I. In
such a low-frequency regime, since typical values of 1/τee
in hydrodynamic materials known at present are much
smaller than ωp, the deviation becomes relatively small
and so it seems to be difficult to observe these hydrody-
namic effects through experiments in typical materials.
For this reason, the reflectance measurement may not be
suitable for an experimental probe of hydrodynamic ef-
fects. However there is still a possibility to observe these
effects if the hydrodynamic regime is realized in materi-
als which show a much smaller value of τee and a lower
carrier density n (∝ ω2p) than hydrodynamic materials
known at present.
IV. TRANSMITTANCE THROUGH THIN
ULTRAPURE METALS
Next, we consider the transmission of electromagnetic
waves through a thin ultrapure metal. As described in
Appendix, even in the hydrodynamic regime, the Snell’s
law of refraction is valid for each propagating mode.
Therefore, when the sample has a prismatic structure,
FIG. 4. Sketch of the transmission of electronmagnetic waves
through 3D electron fluids. E˜pf1 (E˜pb1) and E˜pf2 (E˜pb2) re-
spectively denote the complex amplitudes of forward (back)
propagating waves corresponding to the dispersion relation
k1(ω) and k2(ω).
an incident monochromatic wave is separated into two
directions due to the difference of the refractive indices of
these modes. Moreover, since the transmittance reflects
the dispersion relations of the metal, we may be able
to determine the viscosity from the observed transmit-
tance spectrum. For these reasons, such a transmission
phenomenon is naively expected to be an efficient ex-
perimental probe of hydrodynamic effects. However, to
ensure the validity of the hydrodynamic theory, we need
to make a metallic slab thicker than lee, which is typically
in a micrometer range. In terms of the Drude theory, the
transmittance through metals of such thickness seems to
be too small to be measured experimentally.
In what follows, in response to the above discussion,
we estimate the transmittance through thin metals in the
hydrodynamic regime and demonstrate that it becomes
much larger than in the Drude regime because of the vis-
cosity effect and, as a result, we can detect experimen-
tally the hydrodynamic effect through the transmittance.
Let us now consider for simplicity the transmittance
through a slab with thickness of L (see Fig. 4). Here, as
with the previous section, we deal with the case where an
incident wave is linearly polarized and directed vertically
to the surface. In the vacuum, the ac field is given by the
same equation (5) as in Sec. III in x < 0, and, in x > L,
E = Et, B = Bt (x > L),
Et = Re
[
E˜teˆye
iki(x−L)−iωt
]
, Bt = Re
[
k′iE˜teˆze
iki(x−L)−iωt
]
,
where E˜t is a complex parameter to be determined. In
electron fluids (0 < x < L), we need to consider a forward
propagating wave and a backward propagating wave for
each dispersion branch and as a result the ac electric field
is described as follows:
E = Epf1 +Epf2 +Epb1 +Epb2 ,
6(a) (b)
(c) (d)
FIG. 5. (a)(b) Transmittance spectra through a 0.5µm thin metal in the hydrodynamic regime (a) and in the Drude regime
(b): In the hydrodynamic regime, the amplitudes of transmittance are five or more digits greater than that in the Drude regime
and the spectra show a characteristic peak structure. (c) Transmittance spectra through thin metals with various choices of
thickness (viscosity ν is fixed at 3× 102 [cm2s−1]). (d) Ratio of the width of thin metals L and wavelength of the Drude-like
mode λ1(ω): Comparing with (c), we can understand that the peak appears at the frequency where λ1(ω) becomes equal to L
(gray dotted line).
Epf1 = Re
[
E˜pf1 eˆye
ik˜f1x−iωt
]
,
Epf2 = Re
[
E˜pf2 eˆye
ik˜f2x−iωt
]
,
Epb1 = Re
[
E˜pb1 eˆye
ik˜b1x−iωt
]
,
Epb2 = Re
[
E˜pb2 eˆye
ik˜b2x−iωt
]
,
where E˜pf1 , E˜pf2 , E˜pb1 , and E˜pb2 are complex parame-
ters to be determined and k˜f1 = −k˜b1 = k˜1(ω), k˜f2 =
−k˜b2 = k˜2(ω). The AC magnetic fields are also decribed
in a similar form. Moreover, the velocity field of the fluids
is described by the sum of the velocity fields correspond-
ing to each mode,
v =
∑
α
vα,
where the sum runs over α = f1, f2, b1, b2, and vα is
given in terms of the mobility µα as follows:
vα = µαEα, µα ≡ σ⊥(k˜α, ω)
(−e)n .
As described in the previous section, we can deter-
mine the above parameters by imposing, at the surface
(x = 0, L), conditions of continuity for the electromag-
netic fields,
Ey(+0) = Ey(−0) ⇔ Ei + E˜r =
∑
α
E˜pα , (18)
Bz(+0) = Bz(−0) ⇔ Ei − E˜r =
∑
α
k˜′αE˜pα , (19)
Ey(L+) = Ey(L−) ⇔ E˜t =
∑
α
E˜pαe
ik˜αL, (20)
Bz(L+) = Bz(L−) ⇔ E˜t =
∑
α
k˜′αE˜pαe
ik˜αL, (21)
and the no-slip BC on the velocity field,
vy(x = +0) = 0 ⇔
∑
α
µαE˜α = 0, (22)
vy(x = L−) = 0 ⇔
∑
α
µαE˜αe
ik˜αL = 0. (23)
7FIG. 6. Sketch of the mechanism of the second-order harmonic generation (SHG) in the hydrodynamic picture. In the
hydrodynamic regime, an incident plane wave drives three propagating modes (two transverse modes and one longitudinal
mode) in electron fluids and they couple each other nonlocally through the nonlinear terms in the hydrodynamic equation,
which leads to nonlocal nonlinear optical responses, such as SHG.
We can easily solve these simultaneous equations for
E˜r, E˜t, E˜α and finally obtain the transmittance T =∣∣∣E˜t/Ei∣∣∣2.
In Fig. 5(a), we show the viscosity dependence of
the transmittance spectra through 3D electron fluids of
0.5 µm thickness. We have calculated these results for
the choice of the same parameters as in Sec. II. Compared
with the estimation from the Drude theory (Fig. 5(b)),
the amplitudes of transmittance in the hydrodynamic
regime are 105 or more times larger than that in the
Drude regime and the spectra show a characteristic peak
structure. Therefore, we reach the remarkable conclu-
sion that, in the hydrodynamic regime, the transmittance
becomes large enough to observe experimentally, even
through the metals of µm-order thickness. Especially
in low-frequency regime, the Drude-like mode seems to
largely contribute to the transmittance, since the imagi-
nary part of the wavenumber, which is inversely propor-
tional to the damping length, becomes relatively small as
seen in Fig. 1(b).
To reveal the origin of the peak of transmittance spec-
tra, we show the thickness dependence of transmittance
spectra in Fig. 5(c) and the ratio of the thickness and the
wavelength of the Drude-like mode λ1(ω) ≡ 2pi/Re[k1(ω)]
in Fig. 5(d), where we have fixed the viscosity at 3 ×
102 [cm2s−1]. By comparison of these figures, we can
understand that the peak frequency corresponds to the
resonance frequency where the wavelength of the Drude-
like mode becomes equal to the thickness of the metals.
This means that identifying the peak frequency in trans-
mittance spectrum experimentally leads to the dispersion
relation of the Drude-like modes, which include the infor-
mation of the viscosity of electron fluids as in Eq. (12).
V. SUMMARY AND DISCUSSION
In summary, we have developed a basic framework of
optical responses in the hydrodynamic regime. In par-
ticular, we have revealed the hydrodynamic effects on
optical linear responses in 3D hydrodynamic metals and
quantitative signatures of these effects on optical ob-
servables, i.e. reflectance and transmittance, comparing
with the Drude theory. In the hydrodynamic regime,
two propagating modes emerge due to the nonlocality
of electron fluids and lead to the change of the behav-
ior in reflection and transmission phenomena from those
estimated by the Drude theory, which neglects electron-
electron scatterings and the nonlocality. We have shown
that, in regard to hydrodynamic materials known at
present, it may be difficult to detect hydrodynamic ef-
fects from the measurement of the reflectance because
the reflectance modulation is relatively small in the low-
frequency regime where hydrodynamic theory is appli-
cable to the electron dynamics. On the other hand,
the transmittance spectrum has an extremely large value
compared with that in the Drude regime and a character-
istic peak structure corresponding to the resonance of the
“Drude-like” mode. These remarkable facts have lead us
to conclude that the transmittance measurement is an
efficient method to evidence the existence of a hydro-
dynamic regime and determine the viscosity of electron
fluids.
Although, in this paper, we focused on the linear op-
tical responses of electron fluids, the existence of sev-
eral propagating modes opens up a new possibility of
nonlinear optical responses in the hydrodynamic regime.
In general, centrosymmetric materials, such as PdCoO2,
have no (local) second-order nonlinear susceptibility in
bulk due to the constraint of the symmetry. In the hydro-
dynamic regime, however, as described in Appendix, an
incident plane wave drives three propagating modes (two
transverse modes and one longitudinal mode) in electron
fluids and they couple each other nonlocally through the
nonlinear terms in the hydrodynamic equation (1) (see
Fig. 6). This mechanism leads to the finite nonlocal
second-order nonlinear susceptibility of 3D electron flu-
ids. This contribution to nonlocal nonlinear responses
seems to characterize the optical response of 3D electron
fluids and gives the evidence of the multi-branch struc-
ture of the transverse modes.
8FIG. 7. Geometry of p-polarized light scattering on the sur-
face of 3D electron fluids.
We note, however, that there is an overlooked problem
in the above discussion. Although, in the second-order re-
sponses, we need to deal with not only transverse modes,
but also a longitudinal mode, the damping length of a
longitudinal wave is of a nanometer scale for typical val-
ues of parameters of bulk metallic materials, which is so
small that the hydrodynamic theory is no longer appli-
cable to describe the electron dynamics and, to perform
a reliable calculation, we need to go back to more micro-
scopic descriptions than the hydrodynamic theory. Nev-
ertheless, the above discussion may be meaningful if the
hydrodynamic regime is realized in some dilute metals
at high temperature, where τee is expected to be much
smaller and the damping length, which is inversely pro-
portional to the carrier density n in the low-frequency
limit, becomes larger than that for hydrodynamic ma-
terials observed so far. This issue will be an interesting
future work bridging the areas of electron hydrodynamics
and nonlinear optics.
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Appendix A: Reflectance for a diagonally oriented
incidence wave
In this Appendix, we consider the reflectance of 3D
electron fluids for an incident wave oriented vertically
to the surface. We suppose that the region x > 0 is
occupied with electron fluids (see Fig. 7). Here, to make
the following discussion applicable to layered systems,
we assume that the incident electromagnetic wave is p-
polarized and the electric field Ei(r, t) is in the x-y plane,
Ei(r, t) = Re
[
Aie
iki·r−iωt] .
Bi(r, t) = Re
[
cki ×Ai
ω
eiki·r−iωt
]
.
where Ai and ki are vectors parallel to the x-y plane and
orthogonal to each other. In the hydrodynamic regime,
the reflected waves Er,Br are described as
Er = Re
[
A˜re
ikr·r−iωt
]
, Br = Re
[
ckr × A˜r
ω
eikr·r−iωt
]
,
and the transmitted waves Et,Bt are described by the
sum of two transverse modes and one longitudinal mode,
Et = Et1 +Et2 +Etp , Bt = Bt1 +Bt2 +Btp ,
Et1 = Re
[
A˜t1e
ik˜1·r−iωt
]
, Bt1 = Re
[
ck˜1 × A˜t1
ω
eik˜1·r−iωt
]
,
Et2 = Re
[
A˜t2e
ik˜2·r−iωt
]
, Bt2 = Re
[
ck˜2 × A˜t2
ω
eik˜2·r−iωt
]
,
Etp = Re
[
A˜tpe
ik˜p·r−iωt
]
, Btp = 0,
where k˜1(ω), k˜2(ω), and k˜p(ω) are the complex
wavenumbers corresponding to dispersion relations intro-
duced in Sec. II. As seen below, to satisfy the bound-
ary condition, we need to consider the contribution of
a longitudinal mode to the transmitted wave, which is
also a characteristic feature of the optical responses in
the hydrodynamic regime. Imposing the continuity of
electromagnetic fields, we obtain the equation for these
wavenumbers as follows:
ki · t = kr · t = k˜1 · t = k˜2 · t = k˜p · t.
As can be easily understood, this leads to the reflection
law
kix = −krx, kiy = kry, (A1)
and Snell’s law
sin θi =
c
ω
|Re k˜α| sin θα (α = 1, 2, p) (A2)
where θi and θα are the angle of ki and Re[kα] measured
from the normal of the surface and, for simplicity, we
neglect the background refractive index. Using Eq. (A2),
9we can rewrite the transverse wave condition for k1,2 and
the longitudinal wave condition kp as follows:
k˜α · A˜α = 0 ⇔ A˜α,x
A˜α,y
= − k˜αy
k˜αx
= − tan θ˜α (α = 1, 2)
(A3)
k˜t × A˜p = 0 ⇔ A˜p,x
A˜p,y
=
k˜px
k˜py
=
cos θ˜t
sin θ˜p
= cot θ˜p, (A4)
where we have defined complex angle θ˜α for each mode
as
sin θi = n˜α sin θ˜α, n˜α ≡
√
k˜2t
k20
(α = 1, 2, p). (A5)
Next, we consider the no-slip BC for the velocity field
at surface. The velocity field of the fluids is described
by the sum of the velocity fields corresponding to each
mode,
v =
∑
α=1,2,p
vα,
where vα is given in terms of the mobility µα as follows:
vα = µαEtα , µα ≡
σ⊥(k˜α, ω)
(−e)n , (α = 1, 2)
vp = µpEtp , µp ≡
σ⊥(k˜p, ω)
(−e)n .
Imposing the no-slip BC (vx = 0, vy = 0) on the ve-
locity field, we obtain simultaneous equations for A˜t1 ,
A˜t2 , and A˜tp and, solving these equations together with
Eq. (A3, A4), we reach the following relations:
A˜t2,y
A˜t1,y
= −µ1
µ2
tan θ˜1 + cot θ˜p
tan θ˜2 + cot θ˜p
= −1− iωt+ ντ k˜
2
2
1− iωt+ ντ k˜21
· tan θ˜1 + cot θ˜p
tan θ˜2 + cot θ˜p
.
(A6)
A˜tp,y
A˜t1,y
=
µ1
µp
tan θ˜1 − tan θ˜2
tan θ˜2 + cot θ˜p
=
1− iωt+
(
iK
mn0ω
+ ν + γ
)
τ k˜2p
1− iωt+ ντ k˜21
· tan θ˜1 − tan θ˜2
tan θ˜2 + cot θ˜p
.
(A7)
Finally, imposing the continuous conditions on electric
and magnetic field, we obtain the reflection coefficient
and the transmission coefficient as follows:
At1y
Ai
=
2 cos θi(
1 +
A˜t2,y
A˜t1,y
+
A˜tp,y
A˜t1,y
)
+ cos θi
(
n˜1
cos θ˜1
+ n˜2
cos θ˜t2
A˜t2,y
A˜t1,y
)
,
(A8)
Ar
Ai
= −1+
2
(
1 +
A˜t2,y
A˜t1,y
+
A˜tp,y
A˜t1,y
)
(
1 +
A˜t2,y
A˜t1,y
+
A˜tp,y
A˜t1,y
)
+ cos θi
(
n˜1
cos θ˜1
+ n˜2
cos θ˜2
A˜t2,y
A˜t1,y
) .
(A9)
The reflectance of electron fluids is obtained for any inci-
dent angle θi and frequency ω by calculating the square
of absolute value of reflection coefficient (A8).
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